arXiv:hep-th/0503048v2 18Jun2005 


CAMS/05-01 


Hermitian Geometry and Complex 
Space-Time 


Ali H. Chamseddine * 


Center for Advanced Mathematical Sciences (CAMS) and 
Physics Department, American University of Beirut, Lebanon. 


Abstract 


We consider a complex Hermitian manifold of complex dimensions fonr with 
a Hermitian metric and a Chern connection. It is shown that the action 
that determines the dynamics of the metric is nniqne, provided that the 
linearized Einstein action conpled to an antisymmetric tensor is obtained, 
in the limit when the imaginary coordinates vanish. The nniqne action is 
of the Chern-Simons type when expressed in terms of the Kahler form. The 
antisymmetric tensor held has gange transformations coming from diffeomor- 
phism invariance in the complex directions. The eqnations of motion mnst be 
snpplemented by bonndary conditions imposed on the Hermitian metric to 
give, in the limit of vanishing imaginary coordinates, the low-energy effective 
action for a cnrved metric conpled to an antisymmetric tensor. 
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1 Introduction 


The idea of complexifying space-time in general relativity was put forward in 
the early sixties. It appeared in different but related lines of research. These 
include complexifying the four-dimensional manifold and equipping it with 
a holomorphic metric, asymptotically complex null surfaces and theory of 
twistors [1], [2], [3], [4], [5], [6], [7]. More recently, Witten [8] considered string 
propagation on complexihed space-time where he presented some evidence 
that the imaginary part of the complex coordinates enters in the study of 
the high-energy behavior of scattering amplitudes [9]. In this string picture 
it is assumed that the imaginary parts of the coordinates are small at low- 
energies. At a fundamental level the complex coordinates X^, fx = 1, ■ ■ ■ , d 
with complex conjugates are described by the topological a model 

action [8] 

/ = y dadag^v (X(a,a),X (a, a)) d^X’^d^X’', 

where the world-sheet coordinates are denoted by a and a, and where the 
background metric for the complex d-dimensional manifold M is Hermitian 
so that 

dp-v diypi 9pv 9jiv 0- 

Decomposing the metric into real and imaginary components 

the hermiticity condition implies that is symmetric and B^y is antisym¬ 
metric. The low-energy effective string action is given by the Einstein-Hilbert 
action coupled to the held strength of the antisymmetric tensor. This can be 
related to the invariance of the sigma model under complex transformations 
XM ^ x^ + (X), x^ ^ x^ + C (^)- 

A related phenomena was observed in noncommutative geometry [10] 
where the space-time coordinates are deformed and become noncommuting, 
= id^'^ [11]. Furthermore, It was found that in the effective action 
of open-string theory, the inverse of the combinations {G^y + B^y)~^ does 
appear [12]. This was taken as a motivation to study the dynamics of a 
complex Hermitian metric on a real manifold [13], considered hrst by Einstein 
and Strauss [14]. In [13] it was shown that the invariant action constructed 
have the required behavior for the propagation of the helds G^y and B^y at 
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the linearized level, but problems do arise when non-linear interactions are 
taken into account. This is due to the fact that there is no gauge symmetry to 
prevent the ghost components of from propagating. It is then important 
to address the question of whether it is possible to have consistent interactions 
in which the held appears explicitly in analogy with and not only 
through the combination of derivatives 

Hpiyp OpBjyp OjyBpp dpBpy. 

This suggests that the gauge parameters for the transformation 
Bpu + dpKi, — d^Ap that keep Hp^p invariant must be combined with the 
diffeomorphism parameters on the real manifold. For this to happen there 
must be diffeomorphism invariance of the Hermitian manifold M of complex 
dimensions d, with complex coordinates y = 1, ■■■, d. The 

line element is then given by [15] 

ds'^ = 2gppdz^dz'', 

where we have denoted z^ = z^. The metric preserves its form under in- 
hnitesimal transformations 


z^^z^-e {z): 

zP (z), 

as can be seen from the transformations 

0 = Sqp^ = dpC^g^^ + dX^gpj, 

0 = = dpC^gxu + duC^g-px, 

= dpC^gxv + djjC^gpx + C^dxgpp + C^d^gpv 

It is instructive to express these transformations in terms of the helds Gpu{x, y) 
and Bpiy{x,y) by writing 

= af^{x,y) +i(3^^{x,y), 
dz) = a^{x,y) -ifd>^{x,y). 

The holomorphicity conditions on C,^ and C,^ imply the relations 

= dX, 
dX = -dX, 
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where we have denoted 


dv = — 


dl 


d 

dx>^ 


The transformations of G^u{,x,y) and Bfj,iy{x,y) are then given by 
SG,,{x, y) = d^a^Gxu + d^a^G^x + a^dlG,, 

- d^^P^Bx, + dpp^B^x + P^'dlG,,, 

6B^,{x, y) = d^^P^Gxu - dpP^G^x + a^dlB^, 

+ d^a^Bxu + d^Oi^B^x + P^d\B^y. 

One readily recognizes that in the vicinity of small the helds 0) 

and Bniy{x, 0) transform as symmetric and antisymmetric tensors with gauge 
parameters a^{x) and P^{x) where 

a^ix,y) = a^ix) - d:P>^{x)y’^ + Oiy^), 

P^{x, y) = p^{x) + dla^{x)y'' + 0 (|/^), 


as implied by the holomorphicity conditions. 

The purpose of this work is to investigate the dynamics of the Hermi- 
tian metric g^v on a complex space-time with complex dimensions four, such 
that in the limit of vanishing imaginary values of the coordinates, the action 
reduces to that of a symmetric metric G^y and an antisymmetric held B^,y. 
The plan of this paper is as follows. In section two we summarize the essen¬ 
tials of Hermitian geometry. In section three we construct the most general 
action which gives, in the linearized limit, the correct equations of motion 
for a symmetric metric G^^ and an antisymmetric held B^y and show that 
the action is unique. In section four we impose constraints on the torsion 
and curvature in the four dimensional limit where the imaginary values of 
the coordinates vanish and study the equations of motion . Section hve is 
the conclusion. 


2 Hermitian Geometry 


The Hermitian manifold M of complex dimensions d is dehned as a Rie- 
mannian manifold with real dimensions 2d with Riemannian metric gij and 
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complex coordinates 2 ;* = 2 ;^} where Latin indices i,j, k, - ■ ■ , run over 

the range 1, 2, ■ ■ ■ , d, 1, 2, ■ ■ ■ ,d. The invariant line element is then [16] 

= gijdz^dz^, 


where the metric gij is hybrid 

9ij 


0 \ 

0 y ■ 


It has also an integrable complex structure F- satisfying 




and with a vanishing Nijenhuis tensor 


y t = b (3, Ft - d.Ft) - Fl (a, Ft - a, Ft) . 

The complex structure has components 


^/ = 


0 


-«l) ■ 


The affine connection with torsion Th is introduced so that the following two 
conditions are satished 


Vfcdp dkgij ^ikdhj ^jkdih 0, 

= dkFi- T^iT + = 0. 


These conditions do not determine the affine connection uniquely and there 
exists several possibilities used in the literature. We shall adopt the Chern 
connection, which is the one most commonly used, . It is dehned by pre¬ 
scribing that the (2d)^ linear differential forms 

= V),dz\ 

be such that and are given by [15] 


ujt = uj^T, = T^jidzP, 
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with the remaining (2(i)^ forms set equal to zero. For to have a metrical 
connection the differential of the metric tensor g must be given by 

dgfMu — ^udpLpt 

from which we obtain 

dxQpydz^ + d^g^vdz^ = V^^gp^^dz^ + T^jgp-pdz^, 

so that 

r^A = 9^^d,gp^, 

K-x = 

where the inverse metric g''^ is dehned by 

The condition VkFi = 0 is then automatically satished and the connection 
is metric. The torsion forms are dehned by 

0^ = A dzP 

= uyz’^ = -y^dz'' A 

which implies that 


7^ p. — rp _ rp 

h'p ^ i/p ^ piy 

9 ^ id)p9pa • 


The torsion form is related to the differential of the Hermitian form 

F = -Fijdz'’ A dz\ 

2 ^ 

where 

Fij = Fj^ gkj = —Fji, 

is antisymmetric and satisfy 


F = 0 = F— 

Ffjj7 iQpv 
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so that 


F = igfivdz^ A dz^. 

The differential of F is then 

dF = ^Fijkdz'" A dz^ A dz^^ 

so that 

Fijk diFjk T OjFki T OkF-ij. 
The only non-vanishing components of this tensor are 


FfMup i i^dfigup ^udpp) Qup iTpiyp, 

Fjivp i idjrgpv djjgp-p) FT-p-p gp^ iT-p-pp. 

The curvature tensor of the metric connection is constructed in the usual 
manner 

= du'-j - 0j\ A 

with the only non-vanishing components and VFp. These are given by 
= -R^^^^dz^ A dz^ - R'^^^jdz^ A d/ 

= (a.TU - rj.r;:,) dz'‘ a dz^ - a dA. 

Comparing both sides we obtain 


_ f) f) Ti' I FP F^ FP F^ 

PkX pK pK^ pX ^ pX^ pKi 

RU = 

One can easily show that 


^"pnx = d'^'d^d^gp-p + d^gp^d^gp-p. 

Transvecting the last relation with gi^p we obtain 

= d^d^gpw + gida^g^ di^gpp. 

Therefore the only non-vanishing covariant components of the curvature ten¬ 
sor are 

FpPKXl Fpp-pX, RjZ^kXI Fpiypx, 
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which are related by 


D _ _ _ D _ _ _ TD _ 

^^Vk\ '^iiVXk.') 

and satisfy the first Bianchi identity [15] 

pi-' _ pi' _ Y 7 —'T ^ 

^ tinX ^ iiK ■ 

The second Bianchi identity is given by 


P^P-VkX '^n^iiUpX ~ ^tiVax'^pK ) 

together with the conjngate relations. There are three possible contractions 
for the cnrvature tensor which are called the Ricci tensors 

= —g~ RpXKVi = —g~ RpVKXi ~ ~9~ RkXpv 

Upon fnrther contraction these resnlt in two possible cnrvature scalars 
R = S = = g^^T^v 

Note that when the torsion tensors vanishes, the manifold M becomes 
Kahler. We shall not impose the Kahler condition as we are interested in 
Hermitian non-Kahlerian geometry. We note that it is also possible to con¬ 
sider the Levi-Civita connection Tf,- and the associated Riemann curvature 

h 

Kf^-j where 


rj = -g’^^ (digij + djgu - dig. 


ijj 


K '^ = — d V'^ _l_-p/i-pt _ pftps 

^kij jj i i i^j. 


-pt 


The relation between the Chern connection and the Levi-Civita connection 
is given by 



The Ricci tensor and curvature scalar are Kij = and K = g'^^Kij. 

Moreover H^j = and H = g^H^j. The two scalar curvatures K and 

H are related by [17] 


K-H = - V^Fk^VpF^^ - 


7 



There are also relations between curvatures of the Chern connection and 
those of the Levi-Civita connection, mainly [17] 

Ik = S- - WT-p - 

where = T^J'. There are two natural conditions that can be imposed on 
the torsion. The first is = 0 which results in a semi-Kahler manifold. The 
other is when the torsion is complex analytic so that = 0 implying 

that the curvature tensor has the same symmetry properties as in the Kahler 
case. In this work we shall not impose any conditions on the torsion tensor. 

3 An invariant action 


We now specialize to the realistic case of a complexified four dimensional 
space-time. To construct invariants up to second order in derivatives we 
write the following possible terms 

1= f dhd^zg {aR + bS + + e) . 


The density factor is \detgij\'^ = deig^p = g. We shall set the cosmological 
term to zero (e = 0). The above action can equivalently be written in terms 
of the Riemannian metric gij in the form 

M 

where Fi = FijkF^^ and a',b',c',d' are parameters linearly related to the 
parameters a, b, c, d. We shall now impose the requirement that the linearized 
action, in the limit of ?/ —0 gives the correct kinetic terms for Gfj_^{x) and 
B^y{x). Therefore writing 


Gfxu ( 2 ^) 1/) V^lu T 



and keeping only quadratic terms in the action, we obtain, after integrating 
by parts, the quadratic h^i, terms. 


1 = Jd^xdS + {a-2c + d) 

-{a-b + 2d) + {d-h) . 

Comparing with the linearized Einstein action we obtain the following con¬ 
ditions 


2c = 1, a — 2c-|-d = —2, —a + b — 2d = 2, d — b = —l, 


which are equivalent to 

1 

b = —a, c = -, d = —1 — a. 

’ 2 ’ 

With this choice of coefficients, the quadratic B contributions simplify to 
jd^xdS - 2d^PBpxdlB'^^) , 

which is identical to the term 

i j d^xd^yHp.pHP'^P, 

where Hp^p = d^B^p + d^Bpp + dpBp^. The action can then be regrouped 
into the form 

1 = j d^zd^zg {a{R-S- Tp,^Tp^^g~PP g'^^) 

M 

+ \Tp,^Tp^^ - 2gPPg^^g^'')^ . 

Using the hrst Bianchi identity we have 


Jd'^zd'^zg {R — S) = Jd'^zd'^zgg^^d^T^^ " 

M M 


= j d^zd*zgTp,^T-p^xg~^Pg^^g^'', 

M 
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where we have integrated by parts and ignored a surface term. This imply 
that the group of terms with coefficient a drop out, and the action becomes 
unique: 

M 

Substituting for the torsion tensor in terms of the metric the above 
action reduces to 

I = y d^zd^zgX^~^^>^'^^d,g^^dy:g,-^, 

M 


where 


^KXafiup _ gap ^gKPgXu _ gKUgXp^ ^c^^^^ _ g^Pg^^ 

+ 9^'' 


which is completely antisymmetric in the indices g,vp and in nXa 

j^TiXapup _ I^TtAo"! [pyp] 


This is remarkable because the simple requirement that the linearized action 
for should be recovered determines the action uniquely. This form of 
the action is valid in all complex dimensions d, however, when d = 4, we can 
write 


^nXapup _ _ ^^nXap^pupr _ 

9 


and the action takes the very simple form 


^ = ~\J d‘^zd*ze^^^^e^''P^grrjdf,g^^d^gpj. 

M 


The above expression has the advantage that the action is a function of the 
metric and there is no need to introduce the inverse metric g'^^. This 
suggests that the action could be expressed in terms of the Kahler form F. 
Indeed, we can write 

I = ^Jf AdF AdF. 

M 
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The equations of motion are given by 


^k\(7 7] 



0 . 


Notice that the above equations are trivially satisfied when the metric is 
Kahler 


dfiQup — 


dvgpLpi 


daQi/p 


d'pgucri 


where these conditions are locally equivalent to = dfj^djpK for some scalar 
function K. 


4 Four dimensional limit with vanishing imag¬ 
inary part 

To study the spectrum of the action we have to assume that although the 
coordinates are complex, the imaginary parts are small in low-energy exper¬ 
iments. The action is a function of the helds {x, y) and (x, y) which 
depend continuously on the coordinates y^ implying a continues spectrum 
with an inhnite number of helds depending on x^. To obtain a discrete spec¬ 
trum a certain physical assumption should be made that forces the imaginary 
coordinates to be small. One way, suggested by Witten, [8] is to suppress 
the imaginary parts by constructing an orbifold space M' = M/G where G 
is the group of imaginary shifts 

^ + i{27rk^), 


where are real. To maintain invariance under general coordinate trans¬ 
formation we must have k^ {x, y). It is not easy, however, to deal with such 
an orbifold in held theoretic considerations. To determine what is needed we 
proceed by hrst expressing the full action in terms of the helds {x, y) and 
{x,y). We write 


p\ . {^nXijpup T iBf^Xupiyp^ , 
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where 


= (SJGp, + dlB,„) (ajGpj - dlB,x) 

- (ajBp, - a»Gp,) (ajBpi + ajc,,), 

Bpapppp = (s;Gpp + a»Bp,) (ajBpA + a»GpA) 

+ (a;B„. - aj;Gp 4 (afCpp - diB,,). 

The equations of motion split into real and imaginary parts. These are given 

by 

0 = (G„„ ((ajaj + didi) GpA - (a;a» - a»aj) b^a) 

- B,, ((a;a» - a»a;) g^a + (a;a; + a»a3 Spa) 


0 = (Gp, ((aja: + a»a9 b^a + (a;a? - a^aj) g^a) 

+ Bp, ((ajaj + ajag g^a - (a;a» - ajjag s^a) 


^ J 


. 


We are interested in evaluating this action and equations of motion for small 
values of the imaginary coordinates . The above expressions contain terms 
which are at most quadratic in (9^ derivatives, it is then enough to expand 
the helds to second order in y^ and take the limit ?/ —0. We therefore write 

Gf^u {x, y) = + G^yp{^)yP + ^G^^pa (x) y^y"" + 0{y^), 

Bpu {x, y) = BpXx) + Bp^p{x)yP + ]^Bp^p„ (x) y^y^ + 0{y‘^). 

What is needed is a principle that determines the helds Gpiyp{x), Bp^p^x), Gpupaix) 
and Bp^p„{x) and all higher terms as functions of Gp^{x), Bp^{x). For our 
purposes it will be enough to determine the expansions only to second order. 
This can be achieved by imposing boundary conditions in the limit y ^ 0 
on the hrst and second derivatives of the Hermitian metric. The invariances 
of the string action given in the introduction suggests that the equations 
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of motion in the ?/ —0 limit reproduce the low-energy limit of the string 
equations 

0 = (^R (G) + - 2 (G) + , 

0 = 

In the absence of a principle that reduces the continues spectrum, we shall 
impose the boundary conditions on the Hermitian metric {x, y) to be such 
that 


>0 2,iB 


fiu,p 


[X 


[^liaKX ^Kafixly^o ~ 2 (-R^ko-A (G) + * V ^ H yi^x)) ■ 

The solution of the torsion constraint gives, to lowest orders. 


G y^l/p (^) 9i/Byp (x) -h dpByp (x), 

Bpyp (x) G ppi, (x) -|- Gypp (x), 

where all derivatives are with respect to x^. Substituting these into the cur¬ 
vature constraints yield 


Gpanx (a:) = d^dxGp^ {x) + d^OxG^^ (x) + d^d^G^x (a:) 

-h dpd^Gax (x) - d^dxGpa (x) + O (<9G, dB ), 

Bpanx {x) = d„dxBp^ (x) - dpdxB„^ {x) -h d^d^Bpx {x) 

- dpd^B„x (x) - d^dxBp^ (x) + O {dG, dB ), 

where O {dG, dB) are terms of second order. To write the equations of motion 
in component form, we substitute the Gpu{x, y) and Bpy{x, y) expansions into 
^KXapup and Bf^xapup using the above solutions to obtain 

^nXapup (f?) h/tAp i,G) 

~ {dpBjycr + d^Bpjj — dijBf^p) {di^Bpx + dxBp,^ + dpBp^^) + 0{y), 
BnXapup = ^pva {G) (d^BpX + dxBp,^ -|- dpBpfdj 

+ {dpBj^a- + dcrBpi, — dyB„p) r^Ap {G) + 0{y), 


where 


fiiyo- 


(G) — d^Gpfj -\- dpGyfy — dfjG 


fiiy 
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In terms of components, the eqnations of motion take the form 


0 = (G,. {d^d,G,x + 

i^^^Of^Bpx -\- Bp\p^ -|- dpGpx,^ d^Gpx^ 


~ Bua {{dfidKGpx + GpXpK — dpBpXK + d^BpXp)) 
1 


-S, 


K.X(JflUp 


After substituting the solutions of the constraints these take the form 
(c^^RpXp. (G) - ^d^Bp^dpB^x - 2B,MpBp}j = 0 , 

{dxdpBp^) - B^^RpXp. (G)) = 0. 


Using the identity 


^KXap^pupTQ^^ = 6det {GpPj 


these equations reduce to the correct equations of motion, up to terms of the 
form O {dG, dB) which were neglected in the derivation. 


5 Conclusions 

In this work we have investigated the structure of a complexified space-time. 
The geometry is taken to be that of a Hermitian manifold with complex 
metric given by Qp-p {z, z) = Gp^, {x, y) + iBp^x, y). After studying the prop¬ 
erties of Hermitian geometry, we hnd that there is a unique action, up to 
boundary terms, that gives the correct linearized kinetic energies for Gpy{x) 
and Bpy [x) in the limit when the metric is restricted to depend only the 
variables x^. The unique action is of the Chern-Simons type when expressed 
in terms of the Kahler form. We have shown that the diffeomorphism in¬ 
variance in the complex coordinates protect both fields Gp^{x) and Bp^, (x) 
keeping them massless. The physical requirement that the imaginary parts 
of the coordinates are small at low energies, must be imposed in such a way 
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as to reduce the continues spectrum of (x, y) and y) to a discrete 

spectrum. In the absence of information about the spectrum arising at high 
energies where the imaginary coordinates are expected to play a role, it is 
enough for our purposes to impose conditions on hrst and second derivatives 
of the Hermitian metric, which allows us to solve for the lowest order terms 
in the expansion in terms of y^. These constraints are imposed on the torsion 
and curvature of the Hermitian geometry in the limit y^ 0. We have solved 
the constraints and shown that the equations of motion for the Hermitian 
metric results in the low-energy string equations in the limit y^ 0. The 
results obtained so far, give circumstantial evidence that space-time might 
be enlarged to become complex. Much more work is needed to determine 
the principle that restricts the form of the hermitian metric to give a discrete 
spectrum and hxes the dependence on the imaginary coordinates to all or¬ 
ders. This will be necessary in order to nnderstand the contribntions of the 
imaginary parts of the coordinates at high energies. One would expect that 
(x) would also enter in the higher order terms of the action and not only 
through their derivatives, in analogy with the held {x). 
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